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, Abstract 

We introduce a natural family of random walks S n on Z that scale to fractional 
Brownian motion. The increments X n := S n — 5„_i € {±1} have the property that 
i— i' given {Xk : k < n} , the conditional law of X n is that of X n _-^ , where k n is sampled 

independently from a fixed law n on the positive integers. When \i has a roughly 
power law decay (precisely, when [i lies in the domain of attraction of an a -stable 
■ subordinator, for < a < 1/2) the walks scale to fractional Brownian motion with 

Hurst parameter a + 1/2. The walks are easy to simulate and their increments satisfy 
an FKG inequality. In a sense we describe, they are the natural "fractional" analogs 
of simple random walk on Z . 

(N : 

> ; 

^ 1 Introduction 

(N ■ 

Fractional Brownian motion is a one-parameter family of stochastic processes, mapping the 
real line to itself, that are the only stationary-increment Gaussian processes that, for some 
fixed H > 0, are invariant under the space-time rescalings 5* — > Y of the form Y t = c~ H S c t 
with c > 0. The parameter H is called the Hurst parameter, and may take any value in 
>• ! (0, 1). Fractional Brownian motion S H : (0, oo) — > R with Hurst parameter H satisfies 

^: E(^f) = i(itr+| S r-it-,r), 

or, equivalently, 

EflSf -S?\ 2 ) = \t-s\ 2H , Sf = 0. 

The process satisfies EfiS^) = for all t 6 R. When H = 1/2, it is Brownian motion, 
whose increments are of course independent. If H > 1/2, increments over two given disjoint 
intervals are positively correlated, while they have negative correlation if H < 1/2. 
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Fractional Brownian motion was first considered by Kolmogorov [15] as a model of turbu- 
lence, and there is a now large literature treating this family of processes, e.g. as models in 
mathematical finance, and developing their stochastic calculus [17]. The stated characteri- 
zation of fractional Brownian motion may permit this family of processes to be considered as 
at least slightly canonical. However, there are only a few examples of members of the family 
arising as a scaling or continuum limit of a discrete model (other than Brownian motion 
itself). The fractional Brownian motion with Hurst parameter 1/4 arises as a scaling limit 
for the tagged particle in a one-dimensional symmetric exclusion process |2J. For general 
values of H e (0, 1), fractional Brownian motion has been exhibited as a scaling limit of an 
average of a mixture of independent random walks, each walk having a decay rate for the 
correlation of its increments, which rate is selected independently from a law that depends 
on H [10]. In this paper, we present a simple discrete random walk that scales to fractional 
Brownian motion. The process may be considered to be a discrete counterpart to fractional 
Brownian motion. 

In finance applications, as a model for the drift adjusted logarithm of an asset price, 
fractional Brownian motion retains much of the simplicity of ordinary Brownian motion (sta- 
tionarity, continuity, Gaussian increments) but dispenses with independence of increments, 
thereby allowing for "momentum effects" (i.e., increment positive correlations), which have 
been observed empirically in some markets. One hypothesis is that momentum effects result 
from market inefficiencies associated with insider trading; if an event occurs of which the 
market is unaware, insider trading may cause the asset price to change gradually, over a 
period of time, instead of all at once — initially because of trades by individuals with privi- 
leged knowledge, later by a larger number of market participants. These ideas are discussed 
further in [12], where a model based on shocks of this form is shown to be arbitrage free and 
and to have fractional Brownian motion as a scaling limit. (See also [3J, which uses "investor 
inertia" to explain models in which drift-adjusted logarithmic price is a stochastic integral 
of fractional Brownian motion.) Momentum effects appear naturally in the random walks 
we introduce: i.e., it will be easy to see why an "event" (the sampling of an increment of the 
walk at one point in time) has an influence on the expectation of future increments. 

An informal description of the walk is as follows. Let /i be a given law on the natural 
numbers (which we take to exclude zero). The walk associated with law fi has increments, 
each of which is either —1 or 1. Independent samples k n of \i are attached to the vertices of 
Z. The sequence of increments \X k : k G N} is such that, given the values : k < n} , X n 
is set equal to the increment X n _ kn obtained by looking back k n steps in the sequence. The 
walk is then defined by adding the successive increments from some fixed number. We remark 
that the notion of determining the value X n of a process at time n by looking a random 
number of steps into the past also appears in some of the urn models and reinforced random 
walk models studied and surveyed by Pemantle in [18]. Recall that in the traditional Polya's 
urn process, the value of X n represents the color of the nth ball added to an urn, and the 
conditional law of X n given the past is that of a uniform sample from X 2 , . . . , X n _{\. 
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Our X n differs from the Polya's urn process in that the past is infinite and the uniform 
sample is replaced by one having a power law distance in time from the present. 

This description of the walk is a rough one, because it would require some initial condition 
to construct it. We will turn to a Gibbs measure formulation for a precise mathematical 
description. Fixing the law /i, we write for the random directed spanning graph on Z 
in which each vertex z has a unique outward pointing edge pointing to z — k z , where k z is 
sampled independently according to the measure \i. We call z — k z the parent of z. The 
ancestral line of z is the decreasing sequence whose first element is z and each of whose 
terms is the parent of the previous one. 

A law A on functions mapping Z to { — 1,1} is said to be a \i -Gibbs measure provided 
that, for any half-infinite interval R = {x, . . . , 00} , the conditional law of A on R, given 
its values in R c , is given by sampling and assigning to any element of R the value 
assigned to its most recent ancestor in R c . We will write X = X\ : N — > {—1,1} for a 
realization of the law A. (In general, a shift invariant probability measure on { — 1, 1} Z that 
has a specified conditional law for X given {X^ : k < 0} is called a g -measure for that 
specification [6], [131 EH]- O ne ma y y i ew /i-Gibbs measures as ^-measures for a particular 
specification. We will not make use of this more general framework here.) 

A /i-Gibbs measure is called extremal if it cannot be written as an average of two 
distinct /i-Gibbs measures. There are at least two extremal /i-Gibbs measures, whatever 
the choice of /i: those that assign unit mass to either the constant function equal to +1 
or to —1. If /i is such that the great common denominator of values in its support is 1, 
then the number of components in G M is either equal almost surely to one or to 00. (We 
furnish a proof of this assertion in Lemma fe.ll ) If G^ has infinitely many components, then 
a one-parameter family \X V : p G [0,1]} of extremal Gibbs measures may be defined as 
follows. To sample from X p , first sample G M and then independently give each component 
of a value of 1 (with probability p) or —1 (with probability 1—p). Then assign all of 
the vertices in that component the corresponding value. 

Perhaps surprisingly, for such laws /i, any Gibbs measure is a mixture of these ones: 

Proposition 1 Let /i denote a probability measure on N = {l, 2, . . . } the greatest common 
denominator of whose support is equal to one. If G^ has one component almost surely, then 
there are no extremal fi-Gibbs measures other than the two trivial ones, Xq and Ai . // G M 
has infinitely many components almost surely, then the space of extremal Gibbs measures is 
the family { X p : p G [0,1]}. 

From this result, it is not hard to conclude that if the greatest common denominator of the 
support of /i is some k 7^ 1, and A is an extremal /i-Gibbs measure, then the restriction of 
A to points in /cZ + a, for each a G {0, 1, . . . , k — 1}, will be an extremal /i-Gibbs measure 
of the type described in Proposition 1, and that these measures will be independent for 
different values of a (though p may depend on a). Hence, there is no real loss of generality 
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in restricting to the case that the greatest common denominator is 1 , as we do in Proposition 
1 (and throughout most of the remainder of this paper). 

Next, we define the measures \x that we will use for most of this paper. 

Definition 1.1 Let \i denote a probability measure on N. For a G (0, oo), we say that 
\i G T a if there exists a slowly varying function L : (0, oo) — ► (0, oo) for which 

/i{n, . . . , oo} = n~ a L(n) 

for each n G N. Recall that by slowly varying is meant 

L(u(l+r)) 

llm T( \ = X ' 

for any r > . 

Note that if we required L to be a constant function, then the measures satisfying the 
first condition would be simply those for which [i{n, . . . , oo} is a constant times n~ a . The 
generalization to slowly varying L is quite natural, for the following reason. Let denote 
the random set { Yji=i '■ j G N} of values assumed by partial sums of an independent 
sequence of samples Xj of the law \l. (Clearly, —1 times the ancestral line of has the 
same law as R^-) Then it turns out that when a G (0, 1), the random set eR^ converges in 
law as e — > to the range of a stable subordinator with parameter a if and only if fi G T a 
(Theorem 8.3.1 of [5]). Indeed, there is a sizable literature on probability distributions with 
power law decays up to a slowly varying function [5] . However, throughout this paper, when 
a result is stated for all /i G T a , the reader may find it easier on a first reading to focus on 
the special case that L is constant. 

Our next result relates the decay rate of the tail of fi to the number of components in 

Gfx ■ 

Proposition 2 Let fx G T a for some a G (0, oo) . If a > 1/2, then almost surely has 
one component, while, if a < 1/2, then almost surely has infinitely many. 

To any /i-Gibbs measure A, we associate a random walk S = S\ : Z — > Z by setting 
S(0) = and ^(n) = ELi X W for n > 0, and S(n) = -E«i n X W for n < 0. We 
extend the domain of S to R by linearly interpolating its values between successive integers. 

We now ready to state our main result. Essentially, it says that, for S the random 
walk associated to an extremal /i-Gibbs measure for a choice of // G T a , the time-scaled 
process S(nt), further rescaled by subtracting its mean and multiplying by a deterministic 
n-dependent factor, converges to fractional Brownian motion with Hurst parameter a + 1/2. 
This normalizing factor is written below as cn~2~ a L(ri) . The explicit form for the constant 
c will be explained by the proof of Lemma 13.11 in which the asymptotic variance of S n is 
determined. 
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Theorem 1.1 For a G (0,1/2), let \i eT a . Let L : (0, oo) -> (0, oo) be given by / TO) . 
Define c> by means of 

c 2 = Z " i=0 a(2a + 1)T(1 - 2a) 2 r(2a) cos (vra), (1.3) 
2p(l — p) 

where qi = P(z G -R M ) /or i > 1, and qo = 1. Then, for each p G (0,1), there exists a 
sequence of couplings C n of the process 

S; : (0, oo) -> R : t -> gn-^ Q L(n) (S Ap (nt) - n(2p - l)t) 

and fractional Brownian motion S a+ \/2 with Hurst parameter a + 1/2 sitc/i iaai, /or eaca 
T > and e > 0, 

lunC„(|| S »-S„ +1/2 || l4M) > f )=0. (1.4) 

In light of Theorem 1.1, it is tempting to argue that the random walks we construct are 
in some sense the canonical fractional analogs of simple random walk on Z. To make this 
point, we note that any random walk on Z (viewed as a graph) has increments in { — 1, 1}, 
which means that its law, conditioned on {X n : n < M} for some fixed M, is determined 
by the value of -EfXnljXfc : k < n}] . If we assume stationarity of increments and we further 
posit that S[Xo|{Xfc : k < 0}] has a simple form — say, that it is a monotonically increasing 
linear function of {Xk : k < 0} — then we have 

oo 

E[X n \{X k : k < n}] = Y,PiXn-i 

i=l 

for some Pi > with ^ pi < 1 . It is not hard to show that if pi < 1 , the process scales to 
ordinary Brownian motion. We are therefore left with the case YlPi = 1 > which corresponds 
to the walks we consider with = p%- 

It seems plausible that any \i for which the conclusion of the theorem holds (with the 
normalizing factor cn~2~ a L(n) replaced by some deterministic function of n) must be a 
member of r a . Similarly, it seems highly plausible (in light of (13.191) ) that the closely 
related assertion that the variance of S n is n 2a+l (multiplied by a slowly varying function) 
implies ji G r a . We will not prove either of these statements here. 

We see that the model undergoes a phase transition at the value a = |. We remark 
that, while there are no non-trivial /i-Gibbs measures for fi G T a with a > 1/2, there 
is nonetheless a further phase transition at the value a — 1, which is the maximal value 
for which an element fi G T a may have infinite mean. Indeed, suppose that we define the 
walk associated to a measure \i by instead specifying its domain to be the positive integers 
and then making the following adjustment to the existing definition. As previously, we take 
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{k n : n £ N} to be a sequence of independent samples of the measure /z, and, in the case 
that n — k n > , we continue to set the increment X n to be equal to X n _k„ ■ In the other 
case, we choose this increment to be +1 or —1 with equal probability, independently of 
previous such choices. Then it is easily seen that the walk takes infinitely many steps of each 
type if and only if fi has infinite mean. 

Finally, we mention that the decomposition of Z into components provided by Proposi- 
tion [2] with a choice of fi £ T a with a < 1/2 has something in common with the following 
process, discussed in pp. A system of particles, one at each element of Z, are labelled, each 
by its location at an initial time t = 0. Each pair of adjacent particles consider swapping 
locations at an independent Poisson sequence of times, but do so only if the higher-labelled 
particle lies on the right-hand-side in the pair just before the proposed swap. Each particle 
behaves as a second class particle in a totally asymmetric exclusion process, begun from an 
initial condition in which only sites to its left are occupied; as such, each has an asymptotic 
speed, which is a random variable having the uniform law on [0, 1] . Defining a convoy to be 
the collection of locations inhabited at time zero by particles that share a common speed, 
(PQ) shows that the convoy containing the origin is almost surely infinite, has zero density, 
and, conditionally on the speed of the particle beginning at the origin, is a renewal process. 
As such, the collection of convoys provides a partition of Z that has some similarities with 
G M , when it has infinitely many components. 

1.1 Structure of the paper 

Section 2 is devoted to the analysis of /i-Gibbs measures, and the proofs of Propositions 1 
and 2 are presented there. In section 3, we turn to the convergence of the discrete process 
to fractional Brownian motion, proving Proposition [31 which shows convergence in finite 
dimensional distributions of the rescaled walk to the continuous process. A useful tool 
here is an explicit asymptotic formula for the variance of the walk, which is presented in 
Lemma [37T1 In Section 4, we prove a correlation inequality applicable to any extremal Gibbs 
measures in Proposition 4, and then apply it to improve the topology of convergence to yield 
the L°° -small coupling given in Theorem 11.11 

The discrete processes that we introduce form a natural counterpart to fractional Brown- 
ian motion, and we are hopeful that they may serve as a tool for the analysis of the continuous 
process. They also appear to have various discrete relatives that are candidates for further 
enquiry. We take the opportunity to discuss this by presenting several open problems, in the 
final section, Section 5. 

Acknowledgments. We thank Yuval Peres for suggesting that the walks in question may 
converge to fractional Brownian motion. We thank S.R.S. Varadhan for discussions relating 
to regular variation. 
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2 The space of Gibbs measures 



We now prove the first two propositions. We begin with two simple lemmas. 

Lemma 2.1 Let fi be a measure on the positive integers, the greatest common denominator 
of its support being equal to one. Then has either one component almost surely, or 
infinitely many almost surely. 

Proof. We write Ai for the ancestral line of i G Z. Let m n = P(v4 fl A n ^ 0) . We now 
argue that if inf n m n > 0, then has one component almost surely. If m := inf n m n > 0, 
we may find g n G N such that the ancestral lines from and n meet at some integer 
exceeding — g n with probability at least m/2. If the ancestral lines Aq and A n fail to meet 
in {— g n , . . .}, then we sample them until each first passes — g n , at fi and say. Without 
loss of generality, /i < / 2 . Conditional on A fl A n fl { — g n , . . . } = , and on fi and f 2 , the 
probability that A fl A n fl {/i — gf 2 -f x , ■ ■ ■ , fi} 7^ is at least m/2. Iterating, we construct 
a sequence of intervals each of which has a probability at least m/2 of containing a point 
in PI A n , conditionally on its precedessors not doing so. We see that the ancestral lines 
indeed meet almost surely. 

If m n — > subsequentially, then we will show that there exists a sequence {rij : i G N} 
such that 

p(\n|J\ = 0) > 1-r 2 . (2.5) 

This suffices to show that has infinitely many components almost surely, by the Borel- 
Cantelli lemma. To construct the sequence, for i G N, set ^ = P(0 G AA . Then, whenever 
n > I > 0, 

p(a n A n ^ 0) > p({a n A n ^ 0} n {n - / g A n }) 

= P(^ n A„ ,^ n - / G A„,)p(n - I G A n ) = P(^4 D A n _, ^ 0^P(n -leA^j 
so that 

m n > m n -iqi. (2.6) 

It follows readily from g.c.d.supp(/x) = 1 that qj > for all sufficiently high j G N. 
Supposing that we have constructed an increasing sequence {n ly . . . , n^i} for which g nj > 
for j < i, choose > 7ij_i satisfying q n . > and m n . Yuj=\ Inj — ^ 2 - Note then that 

i-l i-l 

p(X n (J Ay ^ ) ^ E p (^ n + ) ^ m ™« IX 1 ^ r '' 

the second inequality by (12. 6p . In this way, we construct a sequence satisfying (12.51) . □ 
Proof of Proposition [H The case that G M has one component almost surely is trivial. 
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Let jj, be a probability measure on N whose support has greatest common denominator 
one, and for which has infinitely many components almost surely. Let A denote a /i- 
Gibbs measure. For m E Z, set a m = cr{Xi : i < m\ . By the backwards martingale 
convergence theorem (Section XL 15 of [7j), 

Pn-oo = lim X(X n = l\a m ) E := C] a m (2.7) 

m<0 

exists A-a.s. Note that it is an almost sure constant, because A is extremal. 
We will now argue that 

Pn -oo = Pm -oo A-a.S. (2.8) 

We will denote the common value by p. 

To show (12. 8p . let a,b E supp(/i), a ^ b. Consider firstly the case that \b — a\ divides 
\n — m\ . For k E N, we enumerate the ancestral line Ak = {k = xo(A;), xi(A;), . . . } emanating 
from /c in decreasing order. We define a coupling 6 of A n and A TO . At any given step 
/ E N, the initial sequences [xo(n), . . . ,x;(ra)} and {a;o(^), • • • ,x;(m)} have been formed. 
If Xi(m) 7^ Xi(n) , then we set X; + i(m) — Xi(m) = —q, where q has law fi. If q E~ {a,b}, 
then we take Xi + i{n) — x;(n) = — q also. If q E {a, b} , then we take Xi + i(n) — x^(n) to 
have the conditional distribution of a sample of \i given that its value belongs to {a, b} . If 
Xi(m) = Xi{n) , we simply take X; + i(m) — x;(m) = xi + i{n) — Xi{n) = —q. 

The sequence of differences |x;(m) — Xi{n) : / G N} performs a random walk with 
independent jumps, a jump equal to zero with probability 1 — 2yu{a}/i{6}, and, otherwise, 
with equal probability to be — \b — a\ or \b — a \ , until the walk reaches 0. The walk beginning 
at a multiple of \b — a\, the sequence of differences reaches zero, and then remains there, 
almost surely, by the recurrence of one- dimensional simple random walk. 

If \b — a\ does not divide \n — m\, we begin by sampling initial segments of the two 
ancestral lines |x (n), . . . , Xj(n)} and |x (m), . . . , Xj(m)} , where j is the stopping time 



J 



inf | A; E N : |6 — a\ divides \xk(n) — Xfc(m)||, 



which is almost surely finite, because g.c.d.supp(;u) = 1. Indeed, this finiteness easily follows 
the positivity of qj for all sufficiently high j . The coupling demonstrates that, given e > 0, 
there exists I sufficiently negative that, <7;-a.s., 



AX, = 1 



0[ ) - \ [X m = 1 



< e, 



from which (12.81) follows. 

We learn then that, for any n E Z, 



A(X = 1) = E A P(X n = = Ep„,-oo = P- 
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Let L C N be finite. Set 

Sl = \ (^Ai,i G L, are not pairwise disjoint 

For m, I G Z, m < Z, let f/ >m = sup A|D{ . . . , m} denote the first element in the ancestral 
line of I that is at most m. For LCN finite with m < inf L, write f£ im = [y^ m : I G L} 
for the locations of ancestors of elements of L that are at most m whose child is at least 
m + 1. 

For e > 0, set 

5f e>L = sup I ra < inf L : s„ im < e j. 

Noting that { f£, m | : m < inf L} is a non- decreasing sequence that assumes a common value 
for all sufficiently high negative choices of m, we find that > — oo, A-a.s. 
For e > and j, k G Z , k < j , write 

ng = { w e{-i,i}<-°°--*>:A(x i = i 

Note that, for all e > and j G N, 

Jim^fig) =1, (2.9) 

by (J2HD and ([23]). Given KN finite, set 

je,L = sup | A; < inf L : A^fi^)j > 1 — e for each I G L |, 

so that j £i i > — oo for each e > and finite L C N, by (12. 9p . 

Let G Z and G { — 1, l}! -00 '---^} . Define {l^j : / > k + l} by constructing an 
independent collection of ancestral lines (that do not coalesce on meeting) from the elements 
of{/GZ:/>A; + l}, stopping each line on its arrival in {l G Z : I < A:} . For each 

I > k + 1, we set equal to the cu-value of the vertex at the end of the stopped ancestral 
line emanating from I. 

Let q t)L = j e ,v L , 3e L ■ Set V* = C\iev L>geL and note that A ( fi *) > 1 - |L|e. 

Note further that, conditionally on Vl* l and for any u G {-1, l}{-°°>-.9«,i} f or w hich 

x(x l = l\(...,X qtiL )=u) G (p-e,p + e ) 

for each I G Ui )9 i5 the set of values : / G t>L i9Ei } are independent, each being equal 

to +1 with probability at least p — e and at most p + e. 



= w) G (p-e,p + e)}. 
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The labelling {Xj : % G Lj is determined by the set of values {Xj : % G fL,« ?E L } . However, 
for each c<j G { — 1, lj^-'^J' and for any finite set a C Z for which n^ L = a is possible, 

TV(((X, : J G n L , 9e J 1^ = (7, { . . . ,X qeL } = u), {Y^ : I G a^j < s a . 

Note that the right-hand-side is at most e, because vi^ tL — a is possible. By taking e > 
arbitrarily small, we obtain the result. □ 



Definition 2.1 Let /i denote a probability distribution on N. Let denote the random set 
{ YH=i Xi '■ j G N} of values assumed by partial sums of an independent sequence of samples 
Xi of the law /i . When such a measure /i has been specified, we will write p n = fi{n} and 
g„ = P(n £ Rfj) . We adopt the convention that q — 1 . 

Lemma 2.2 Let a G (0, 1) and let /j, G T a . 

1. We have that 

|>~ r(2-^ra + a ) ^M''- 

where f ~ g means lim^oo 4|y = 1 . 

2. Moreover, the sum 

oo 
n=0 

converges if a G (0, 1/2) and diverges if a G (1/2, 1) . 
Proof. Let p, g : [0, oo) — > [0, oo] , given by 

oo 
n=0 

and 

oo 

QW = ^Qnexp { - An}, 

n=0 

denote the Laplace transforms of these two sequences. We will analyze these transforms, 
(and, in later arguments, the Fourier transforms) of such sequences by means of some Taube- 
rian theorems. A Tauberian theorem asserts that a sequence (in our case) has a given rate 
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of decay if and only if its Laplace or Fourier transform has a corresponding asymptotic be- 
haviour close to zero. Additional hypotheses, such as regular variation of the sequence (and, 
correspondingly, the transform), are required. 

We will make use of two basic results concerning slowly varying functions. Firstly, the 
uniform convergence theorem (Theorem 1.2.1 of [5]) states that, if L : (0, oo) — > (0, oo) is 
slowly varying, then 

L(Xx) 

-rry - 1, (2-10) 
L{x) 

uniformly on each compact A-set in (0, oo) . Secondly, Potter's theorem (Theorem 1.5.6 of 
[5]) states in part that, for any slowly varying function L : (0, oo) — > (0, oo) that is bounded 
above and below on any compact interval in (0, oo) , and for any e > 0, there exists C = C e 
such that, for all x, y > 0, 



L(y) 



< C max 



{(y/x)\(y/x)- e }. (2.11) 



L(x) 

From |p n : n G N} G li, the function p is differentiable on (0, oo), with 

d 



p(X) = — np n exp { — An}. (2-12) 



n=0 



Setting U : (0, oo) — > (0, oo) according to U (x) = Y^=o n Pn , it follows from U ( 
E}= J iEi=i-Pi, fO]h (12TTU1) and (l2Tll that U(x) ~ ^x 1 "^), x -> oo. A special case 
of Karamata's Tauberian theorem (Theorem 1.7.1 of |5J) states that, if {a n : n G N} is a 
sequence of non-negative numbers, / : (0, oo) — > (0, oo) is slowly varying, and c, p > 0, then 
the following are equivalent: 



[x| 



t(i + p)' 

Y^a n e~ Xn ~ cA^/(A~ 1 ), A 



x — > oo, 



n=l 

oo 



n=l 



Applying the theorem in the present case, we learn that 

oo 

Ynp n e- Xn ^r(2-a)A Q - 1 L(l/A), A -> 0+. 

^— ' 1 — a 

n=l 

Bv ( 12TT2|) . l-p(A) ~ ^^A a L(l/A), A -> 0+, since t a ~ 1 L(t~ 1 ^Jdt ~ a _1 A a L(A~ 1 ) , by 
means of (12.101) and (12.111) . Noting that the Laplace transforms of the two sequences are 
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related by q = (l — p) 1 , we learn that 



1 — a 
r(2 - a) 



\- a L(l/\) \ A^0+. 



(2.13) 



The reverse implication in Karamata's Tauberian theorem then yields the first statement of 
the lemma. 

From fETTBl and 



g (A)<(£exp{-2An}) (£g*) <A^(^ g , 

n=0 



n=0 



1/2 



In I 



n=0 



(the first inequality is Cauchy-Schwarz; the second inequality holds for A > small enough), 
we find that Y^=oQn diverges, if a > 1/2. 
Set 



P(t) = J^p n exp {itn} 



n=0 



and 



Q(t) = ^g n exp {itn} 



n=0 



to be the Fourier transforms of the two sequences. 

From fj, G T a with a G (0, 1) , we learn from Theorem 1 of [11] that 



and 



whence 



1 - ReP(t) ~ (i(t, oo)r(l - a) cos (ott/2) as t | 
ImP(t) ~ tan (ott/2) (l - ReP(i)) as i | 0, 



(2.14) 



l-P(t) ~r(l-a)t Q L(r 1 ) astj.0, 
if fi(t,oo) = t~ a L(t). Similarly, 

1-P(2tt-*) ~r(l-o)t a L(r x ) astiO. 

From Q = (1 — P) _1 , we find that, for any constant C > T(l — a) -1 , there exists c > 
such that 

\Q{t)\<Cr a L{l/t)- 1 (2.15) 



for < t < c, and, similarly, 



\Q(2n-t) \ < Cr a L(l/t)-\ 



(2.16) 
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From the support of fi having greatest common denominator one, |-P(A)| < 1 for A G (0, 27r) . 
By the continuity of P : (0, oo) — > C, 



sup{|P(A)| : A G [c,2tt-c]} 



< 1 - c, 



(2.17) 



for c > small. 

By Parseval's identity, 




n=0 



which, by f l2TT5|) . fl2TT6l) and f[2TTTj) is finite, provided that a < 1/2. □ 

Proof of Proposition [2]. Let a > and /i G T a . Let n,m G N satisfy n < m. We wish 

to show that, if a > 1/2, then n and m lie in the same component of G^, while, in the case 

that a < 1/2, there is a positive probability (depending on m — n) that they lie in different 

components. 

Let R!)p and be independent samples of . It is easily seen that n and m almost 
surely lie in the same component of if and only if E(|{n — R^} fl {m — i?^ 2 -*}]) = oo. 
Moreover, if there exists some pair (m, n) G Z 2 for which this expectation is infinite, then 
clearly, it is infinite for all such pairs. Hence, there exists one component of G^ precisely 
when El^fli? 2 ] is infinite. This expectation is equal to Yln=x Qni so ^ ne resu h follows from 
LemmaEIii). □ 

3 Convergence to fractional Brownian motion 

In this section, we establish that the walk has a fractional Brownian motion scaling limit in 
the sense of finite dimensional distributions: 

Proposition 3 Let \i G r a , for some a G (0,1/2). Recall the constant c = c(p) for p G 



(0, 1) from ( fl.3)) . Then, for each p G (0, 1) , the process (0, oo) — > R : t — > cn 2 a L{n) ( S\ p (nt) — 



n(2p— l)tj converges weakly (in the sense of finite dimensional distributions) as n — » 00 to 
fractional Brownian motion with Hurst parameter a + 1/2. 

In preparation for the proof, let X : Z — » { — 1, 1} be a sample of A p , and let S : Z — > Z be 
the random walk satisfying S(0) = and S n — S n -i = X n for each n G Z. It is our aim 
to show that S n is approximately normally distributed, when n is chosen to be high. We 
begin by finding an explicit expression for the variance of 5* n . 

Lemma 3.1 We have that 




Ap(l - p)K ( 



n 2a+1 L(n) 



-2 




13 



where (|Q| 2 )j = Yl^oljQi+j denotes the i-th Fourier coefficient of \Q\ 2 , and where 

K a = 2q(2 ^ + 1) (r(l - 2a) 2 T(2a) cos (ira))' 1 . 
Proof. We begin by showing that 

VaiSn = %^(% {n ~ l){mi + n(m °)- (3 ' 18) 

(In fact, (13.181) holds, more generally, for any fi for which has a.s. infinitely many 
components.) To do so, write 1\, . . . T r ( n ) for the trees having non-empty intersection with 
|1, . . . , n} . Then 

r(n) 2 

Var(S n ) = 4p(l-p)E^|7-n{l,...,n} 

8=1 
n n 

i=l j=l 

Note that, for i < j , 

oo 

E(A n A,) = ^g fc?J -_ i+fc = (igi 2 )^., 

and also that 

oo 

E(Ai n a,-) = F(A t n a, ^ 0) J] g 2 = p(a, n A,- ^ 0) (|Q| 2 ) , 

since we adopt the convention that q$ = 1. Hence, 

Var(s " ) = T^S§ (MV *' 

whence, (13.181) . By (I3.18p . it suffices to show that 

n 

E( n "0 (l^l 2 ), ~ ^ 2Q+1 ^W~ 2 , (3-19) 
i=i 

because Lemma l2.2( ii) implies that (|<5| 2 ) < oo. To this end, note that, by (12.141) and 
Q = (l-P)-\ 

\Q(t)\ ~T(l-a)-H- a L{t- 1 ) \ 
14 



so that 

\Q{t)\^T{l-a)-H-^L(t- l Y\ 
By Theorem 4.10.1(a) of [5], using \Q(t)\ 2 £ R, 

£(|g(t)| 2 ) r (r(i-2 a ) 2 r( 2a )co S H r ir L(/ " " 



i=l 

It follows that 



2a 



V (n - i) (\Q\ 2 ) i ~ (r(l - 2a) 2 r(2a) cos (ttq)) n 2cJ+1 L(n)- 2 / (1 - x^ 20 ' 1 ^. 
i=i ' V 7 ^° 

Evaluating the integral, we obtain (13.191) . □ 

Proof of Proposition [31 There being a unique stationary Gaussian process S H : K — > K. 
with covariances given by E|S^| 2 = t 2a+1 , it suffices, in light of Lemma [3TT| to establish that 
S n has a distribution that is asymyptotically Gaussian. We will make use of the following 
notation. For M G Z, set o~m = \Xi : i < M} . Let X^f and denote the expected 
values of X n and S n respectively given <tm- (Note that X^f is the expected value of Xk 
where k is the first element in the ancestral line of n that is less than M .) Clearly, X^ 1 and 
Sff are martingales in M , and S^f = S n when n > M . We will establish that S n has an 
asymptotically Gaussian law by applying the martingale central limit theorem to Sff . This 
will require showing that S^f has small increments compared to its total size and a use of a 
long-range near-independence argument to show that the sum of the conditional variances 
of the increments is concentrated. We now state the martingale central limit theorem in the 
form that we require. See Theorem 7.2 in Chapter 7 of [9], and the remark following its 
proof, for a derivation. 

Definition 3.1 We say that X„ m ,F n m; n > 1, 1 < m < k n is a martingale difference ar- 
ray ifX njTn e F„ im and E(X n>m |F nim _i) = for 1 < m < k n . LetV n = J2i=i E(X 2 m |F ni?n _i) 

Theorem 3.1 Suppose that {X n m ,F n m } is a martingale difference array. Let X n $ e F n)0; 
nGN. Set S n = YjjZo^nj- Assume that, for some sequence e n — > 0, 

• (EV n ) \X n>m \ 2 < e n for all m e {1, . . . , k n } 

• (EV^) 1 Var(X„ ) o) < e n for n sufficiently high, 



• > 1, in probability. 

Then E(K)~ 1/2 S n converges in distribution to the normal distribution of mean zero and unit 
variance. 
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We will apply the result in the following way. Let |e n : n G N} be a given sequence 
converging to zero. Let {k n : n G N} be a sequence satisfying 

Var(^) < 2- 1 ^^^n^ 1 L( n )- 2 , (3.20) 

where the constant K a is specified in Lemma 11 We in addition assume that k n > Cn for 
each n G N, and for some large constant C > 0. We choose as martingale difference array, 
X n ,o = S~ k ", F„ i0 = a_ fcn for each n > 1, and X nA = S- kn+i - S'^' 1 , F n>i = a_ kn+i for 
each n > 1 and 1 < i < k n + n . 

Clearly, we must verify that the hypotheses of Theorem 13.11 hold. The first column of 
the martingale difference array has been chosen to meet the second condition listed in the 
theorem, as we now confirm. Note that 

EV n = Vai(s n -St). (3.21) 

By (13.201) and Lemma I3TT] we see that 

Var(S~ fc ") < 2- 1 e„,VarS n (l + o(l)Y (3.22) 

Using Var(S n ) = Var(S n - S~ k -) + Var(S~ fc ") and (13T2T]) . we obtain VarS"^ < e n EV n for 
n sufficiently high, which is indeed the second hypothesis of Theorem 13.11 

The general martingale difference term takes the form S 1 ,™ — S™~ x , for some n > 1 and 
m < n. A basic observation is that, for any M < n, 

Xn +1 ~ X n = {Xm — X^qn-M, (3.23) 

where q,i (as in Definition [27TJ) denotes the probability that the vertex i has as an ancestor. 
As stated earlier, Xff is the expected value of the value observed by tracing back the 
ancestral line in a sample of G M from n, until an ancestor with index strictly less than M 
is reached. The difference in the above equation, then, is due to the event that the ancestral 
line reaches M . 

If n > 1 and m < 0, note that S™ +1 - S™ = £" =1 {X™ +1 ~ Xf) , so that (13T23|) yields 

pm+l cm / y~ V m \ T? m ( 1 0/l\ 

~ — ( A m _A mKn> W-^) 

where we define F™ = Ym=i Qi-m ■ I n the case where n > 1 and m G {0, . . . , n — 1} , on the 
other hand, 

n— 1 n— 1 

b n - b n - 2_^\^i — A i ) — ( A m - A m J & 



li— mi 

i=m 
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by the convention that qo = 1. We record this as 

om+l om ( V" V m \ \ ^ „ 



n— m— 1 



(3.25) 



i=0 



Note also that, for any m G Z, 



Var(X m -X m 



C~m J 4P m (l Prn) ■ 



where P m is defined to be P(X m = 1 er TO ) and may be written (X™ + l)/2. The definit ion 
of 14 and the expressions f)3.24p and f!3.25j) now give the formula 



— 1 n n—m ^ 

V n = E 2 Var - X m M + 53 ( 53 «) Var (X m - X; 



M=-fe ri 

which may be written 



m=l i=l 



— 1 n n—m 

V n = 4 P A/ (l-P M )(F^) 2 + 4 53 J R m (l-P m )(53g i 

M=-k n m=l i=l 



(3.26) 



As such, the following lemma shows that the third hypothesis of Theorem 13.11 is satisfied in 
the present case. 

Lemma 3.2 Setting c = 4E(P M (1 - P m )) , 

-1 -1 

4 53 p A/ (i-p M )(p^) 2 = Co 53 (F-yfi+E, 

M=-k„ M=-k n 

where Ei(n) — > in probability. We have further that 



n n—m 



5]p m (i-p m )(53 g; ) =cj3(53«) ( 1+ ^w). 

m=l Z=l m=l Z=l 

where E%(n) —> in probability. 

The ergodic theorem might be used to prove a concentration inequality of this sort. We prefer, 
however, to derive it directly, from a second moment estimate. We begin by observing the 
following. 
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Lemma 3.3 Set 

and write 



Z t = Var(X i - Xl\ai) = AP t (l - P t ), 



p l , m = E(Z l Z m )-E(Z l )E(Z m ). 
Then, for each e > , there exists K G N such that \l — m\ > K implies that |p;, m | < e. 

Proof. For % G Z and k G N, set = J2j=i n{j} x i-j- Note that 



j=k+l 



(3.27) 



For i,jeZ and fceff, set 



i-l J-l 

i2 ij,fc = { u Am n U A " = }> 



m=i— A; 



n=j—k 



where recall that we write A n for the ancestral line of n G Z. Shortly, we will show that, for 
each e > and k G N, there exists no G N such that, if i,j 6 Z satisfy |i — j\ > no, then 



For now, we show that this suffices for the proof of the lemma. 

Note that, for any j,j £ Z and k G N for which |i — j| > k, if Y G <r{Xj_fc, 
and Z G er{Xj_fc, . . . ,X,_i} 



R 



E Y 



R 



i,j,k 



(3.28) 
(3.29) 
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Note that 



e(P;(1-P,)^(1-^: 



E 
E 
E 

E 



l+X}\fl-X}\fl+X^ f l-X] 



L i,k 



j,k 



j,k 



+ 0[k- a L(k) 



l+^wl-^wl+^wl-^ 



R 



i,j,k 



0{e) + 0[k- a L(k) 



i + xi^n-x 



Ri,j,k IE 



i • .v; ; , A 



P 



i,j,k 



0(e) + 0(k- a L(k) 



E 



1 + 



L i.k 



E 



1 + 



E 



1 + JQ V 1-X|^ E ^1 + ^ V 1-^ 



0(e) + (k- a L(k) 



the second equality by (13.27p . the third by \i — j\ > n and (I3.28p . the fourth by (I3.29p . and 
the sixth by (13. 27ft and ( 13. 28ft . Thus, for any e > 0, there exists no G N such that, if i, j G Z 
satisfy \i — j\ > n , then 



Cbv(p i (l-P i ),P i (l-.P,-)) <e 



This completes the proof of the lemma, subject to verifying ( 13.281) . Note that, for this, it 
suffices to show that, for any e > 0, there exists n G N such that, if i,j G Z satisfy 



j\ >n , then A (A R Aj ^ 0) < e. To see this, note that, for i < j , 

A [Ai n A,- ^ 0) < E (Aj n Aj) = J2 inQn+i-j < ( J2 ( E 



1/2 



n=0 



n=0 



n=0 



so that Lemma l2.2( ii) yields the desired conclusion. □ 

Proof of Lemma 13.21 To verify the first claim, we aim to show that 



VarK, = o 



((EF.) 1 



(3.30) 



where here we write 



Y n = A p M {i-p M ){F n M y 

M=-k n 
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We will require 

max_ fcn<M <o (Fm) n 

l^M=-k n \ M) 

as n — > oo. 

Indeed, by computing the second moment of y n , (13.301) follows from (13.311) by means of 
Lemma 13.31 

We turn to proving (I3.3ip . Recall that we supposed that k n > Cn, with C > a large 
constant. Note that 



k n n 2 n n 2 

£ W = E (£«*+«) ^ £(£*+-) >^n 2a+1 ^w 



-2 



M=—k n m=l i=l m=l i=l 



with c > a constant satisfying c < ( r (2-a)r(i+a) ) ' anc ^ ^ ne ^ a ^ er inequality by Lemma 
ICTi). (gHQD and (j2~TTj) . For < m < LCnJ and a constant C > r(2 ^ 1 ) r°i ) +a) 

?! 

^Qi+m < C n a L(n) _1 , 
i=l 

by Lemma 0(i) and ([2~T0]) . We learn that 

> 2 

< CW" 1 . (3.32) 



max_/ Cn <M<o (-^m) ^,,2-i — i 



Z^A/=-LCnJ (-^m) 

To treat the bound on FJ^ for — k n < M < —n, note that, if m > n, then either 

n n 

E &+i - 2_1 £ for each i e { m_ n / 2 ' • • • > m } 



i=l i=l 

or 



E - 2 1 £ 5i+m for each j e {m + 1, . . . , m+ n/2} 



i=i i=i 



the first alternative holding provided that at least one half of the sum YH=i Qi+m is contained 
in its first [n/2\ terms. From this, we conclude that, for any M < —n, 



( F iiY 



<8n-'(l+o(l)), 



2~2m=-oo C^m) 

whence 

^ 2 < 10n-\ 

l^M=-k n \ M ) 
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by increasing the value of k n e N if necessary. This completes the proof of (13.311) . 

We have verified the first claim of the lemma, since it evidently follows from (I3.30p . 
subject to proving the lemma that follows. 

The second claim is proved analogously. The analog of (13.321) is 



maxi< m < n ( ]T 



2 

n—m 

1=1 Qi 



En ( s~^n—m \ 
m=l \ 2^1=1 <?« ) 



2 



(3.33) 



n-l 2 



which follows from the inequality 

(j>)"<Cn 2 «L(n) 
1=1 

which is a consequence of Lemma [2.2( i). and the bound 

n n—m ^ 

£(£*) >cn 2a+1 L(nY 



2 



m=l 1=1 



which follows from Lemma l2.2( i) and (I2.10p . □ 

It remains to show that the first hypothesis of Theorem 13.11 holds. Recalling (13.241) . we 
see that, for -k n < M < 0, \S^ I+1 - S^\ 2 < 4(i^) 2 , whose right-hand-side is o(EV n ) by 
(13T3T|) . (13T26|) and Lemma [H For < m < n, we use to find that \S™ +1 - S™\ 2 < 

4:(^2f~™ qi) . However, this right-hand-side is at most 4cn 2a L(n)~ 2 by Lemma l2T27 i). From 
the discussion after (13.221) . we know that KV n > (l — en^V&rSn for n sufficiently high, so 
that 4cn 2a L(n)~ 2 < 0(ra _1 E(\4)) by Lemma [3TT1 Thus, the first hypothesis of Theorem 13. II 
is indeed satisfied. □ 



4 The FKG inequality and convergence in L°° 

This section is devoted to the remaining step in the proof of Theorem 11.11 namely, to im- 
proving the topology in our convergence result. 

Proposition 4 Let /i be any probability measure on N , and let A be any extremal fi-Gibbs 
measure. Let X,Y e L 2 (A) be two increasing functions, where {—1, 1} Z is given the natural 
poset structure. Then X and Y are not negatively correlated under A . 

Proof. Note that Cov(X, Y) > if and only if 

Var(X + Y) > Var(X) + Var(Y). (4.34) 
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For any Z G L 2 (A) , we write 

Z = ^(E(Z|a n )-E(Z|a n _ 1 )), 

where a n is the a-algebra generated by coordinates with index strictly less than n. We find 
then that 

VarZ = ^E (Tn _ 1 Var(^E(Z| ( T n ) -E(Z\a n ^)Y (4.35) 

Given <7 n _i, each of X and Y does not decrease if we condition on the value of the n-th 
coordinate to be 1, and does not increase if this value is conditioned to be —1. Thus, 

Var(E(X + Y\a n ) - E(X + Y\a n ^ 
> Var(E(X|a n ) -E(X|a n _ 1 )) + Var (e(F |<x„) - E(Y \a n ^ , 

cr„_i-a.s. Taking expectation over o n -\ and summing yields ( 14. 34ft by means of ( 14.351) . □ 

Definition 4.1 Recall that 5*0 = 0, Si — Yl]=i-^-j */ * > 0? an d &i = ~ J2j=i-^-j */ * < 0; 
where Xi = X n X p (i) . For I < m, write 

A hm = max (St - (2p - - (S t - {2p - 1)1) 

iG{/,...,m} 

and 

B l>m = max (Si - (2p - - (S m - (2p - l)m) 

iG{i,...,m} 

Lemma 4.1 There exists a constant Cq > such that, for each e > 0, there exists = 
no(e) such that, for n>no, 

PUo,n > (C + 50c- 1 ^log (e- 1 ))n 1 / 2+a L(n)- 1 ^) < e, 

where the constant c = c(p) was defined in U.3\) . 

Proof. We write A n = A , n and E n = B , n . For n e N, set fr(n) = 3c _1 ^log (e-i)7i 1 / 2+a L(n)" 1 . 
We begin by establishing the following statements. For any e > 0, there exists = no(e) 
such that, if n > no(e), then, for any K > 0, 

p(b„ > X + /i(n)) > e =>■ ¥(A n > K) > 1 - e (4.36) 
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and 

P(A» > K + h(n)) > e p(s n > if) > 1 - e. (4.37) 

Note that A n is an increasing and B n a decreasing random variable. As such, supposing 
that F(B n > K + h(n)) > e and W>(A n < K) > e, then 

F^B n >K + h(n)jn[A n <K^ 
= ¥(B n > K + h(n))¥(A n <K B n > K + h(n)) 
> f(b u > K + h(n)^F(A n <K^j > e 2 , 

the first inequality by means of Proposition HI However, A n — B n — S n — (2p — l)n, so that 
p(fl n - A„ > %)) = p(n- 1/2 - Q L(n)c(£ n - (2p - l)n) < -3^/log (e- 1 )) < e 2 



,2 

) 



the inequality valid for n sufficiently high, because Proposition[3]implies that n x l 2 a L(n)c(S n - 
(2p - l)n) converges in distribution to a Gaussian random variable of mean zero and unit 
variance. In this way, we establish (14.361) . with (14. 37ft following similarly. 

We now show that there exists a n G (0, oo) such that, for e > and n > n (e) , 

P^4 n e (a n -3h{n),a n + 3h{n)y\ > 1 - 2e (4.38) 

and 

F\B n G (a n - 3h(n),a n + 3h(n)j \ > 1 - 2e. (4.39) 

To this end, set K so that f[A n > K^j > e and P(A n > K + e) < e. The first inequality 
forces F(B n > K-h(n)) > 1-e by means of flOZD > which gives F(A n > K -2h(n)) > 1-e 
by (H3S|). Setting a n = if - /i(n), we have (Qg|) . at least if e < /i(n). Note that P(_B„ > 
a n + 2h(n) + e) < e: for otherwise, (I4.36P would imply that F[A n > a n + h(n) + e) > 1 — e, 
contradicting our assumption. We see that 

P(#n G (a n , ^ + 2/i(n) + e)) > 1 - 2e, 

whence (gSS}. 

We set r n = a n n~ 1 ' 2 ~ a L(n) . We claim that, for any K G N, there exists no G N such 
that n > uq implies 



r Kn < 2K~ 1 / 2 - a r n + 2^ l J\og (e" 1 ) + 24S" 1 Jlog (e' 1 ) K' 1 ^- 01 . (4.40) 
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From this, we readily conclude that sup neN r n < C + 40c 1 y'log(e' 1 ) for some C > 0, 
which, in tandem with ( 14.381) . yields 

F^A n > (C + 49c-yiog {t^))n l l 2 ^L{n)-^j < 2e, 

from which the statement of the lemma follows. To derive (14.401) . note that 

A Kn < m ax [S jn -(2p-l)jn)+ max A jn u +1 ) n . (4.41) 
je{i,...,K-i} \ v ' / je{o,...,K-i] y ' 

By the convergence for finite-dimensional distributions stated in Proposition [3j we have that, 
for each e > 0, there exists no = no(e) such that, for n > uq, 



P 

Note also that 



( max (s jn - (2p - l)jn) > 3d-\/\og (e^)n 1/2+a L(n)- 1 ) < (K - l)e. 
P( max A jn (j+i) n >a n + 3h(n)) < 2Ke, 



,je{o,...,K-i} 
by (OS]l . From fOTj) . then 



f(a K u > 3c _1 y / log (e-i)n 1/a+a L(n)- 1 + a n + 3/i(n)) < (3# - l)e (4.42) 

for n > n (e) . Choosing e > to satisfy (3K — l)e < 1 — 2e, from (I4.42p and the inequality 
arising from (I4.38P by the substitution of Kn for n, we see that 



3c" 1 i/log (e- 1 )n 1/2+a L(n)~ 1 + a n + 3%) > - 3/i(^n) 

Rearranging, and by L : (0, oo) — > (0, oo) being a slowly varying function, we obtain (14. 40 p . 
□ 

Proof of Theorem 11.11 We will make use of: 

Lemma 4.2 There exists a constant C G (0, oo) such that, for any eo > sufficiently small 
and for 5 > , 

limsupPf sup A k[tonit{k+1)[eoni > 8n 1/2+a L{ri)~ l \ < C^+l) exp j - ^ ^o 172 " 2 " f 

n— oo V fc=0,...,Leo 1 J ' 

Remark. An analogous bound holds for the counterpart of Ai >m , in which the maximum 

taken in the definition is replaced by a minimum. 

Proof. Note that (I2.1ip implies that, for n sufficiently high, 

n^Lin)- 1 > e 1/4 - a (e n) l/2+a L(e n)- 1 . 
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The probability that we must estimate is bounded above by 

Setting e > in Lemma H]T] according to C + 50c~ 1 ylog (e -1 ) = 5eQ 1 ^ A ~ a , we obtain that 
the last displayed expression is at most 

fa 1 + 1) exp { - ^(^o 1/4 -° - Co) 2 } < C(tf + l) exp { - ^V^} 
for some constant C > , for eo small, and for n sufficiently high. □ 

For the proof of the theorem, it suffices to construct, for each e > 0, a sequence : n G N} 
of couplings Sp and S a+ %/2 for which 

iL- C »(H S "- S ««/ 2 |l t4M) >«)=0, (4.43) 

for then we may find an increasing sequence [rii : i E N} such that 

supcr(ns;- S „ +1/2 || l4M) >2-)<2-, 

for each i EN, and set C m = km , where k m is the maximal rij that does not exceed m ; 
note that k m — ► oo ensures that this sequence of couplings is as the statement of the theorem 
demands. A coupling suitable for (I4.43P may be obtained by the use of Proposition [3] to 
couple the values of S™ and S a+ i/ 2 at points of the form [ieT : i = 0, . . . , |_ e_1 J + 1/ ; so that 
the maximum difference \Sp — S a +i/2\ at such points tends to zero in probability under C^. 
We then use Lemma 14.21 and the remark following its statement, as well as S a+ i/2 being 
uniformly continuous on [0,T] to verify (14.431) . □ 

5 Open problems 

• It would be interesting to find the negatively correlated fractional Brownian motions, 
with Hurst parameter H E (0, 1/2) , as scaling limits of variants of the discrete processes 
that we consider. A natural first guess is the walk arising from the model in which each 
vertex of Z is given the opposite sign of its parent in G M , instead of the same sign. 
However, it is quite possible that this gives rise to Brownian motion as a scaling limit 
of the associated walk. A more promising candidate discrete model is one in which the 
vertices in each component of G M — ordered with respect to the natural ordering of 
Z — are given values that alternate between 1 and —1, independently choosing one 
of the two ways of doing this, each with probability 1/2. 
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• As mentioned in the discussion following the statement of Theorem 11.11 we believe 
that the theorem is sharp. We pose the problem to show that if a measure /i on N is 
such that the conclusion of Theorem 11.11 holds, with some deterministic function of n 
playing the role of cn~ 1 / 2 ~ a L(n) , then p G T a . An important step here would be to 
show that, if the measure p is such that the variance of S n is a slowly varying multiple 
of n 2a+1 , then p G T a . 

• Define T a according to Definition ll.il with the alteration that p is supported on Z and 
is symmetric about 0, and let p G T a for some a G (0, oo). Consider a voter model 
in dimension one, in which voters reside at the elements of Z. Each voter at a given 
time has an affiliation to one of two political parties. At any given moment t G Z of 
time, each voter selects the resident at a displacement given by an independent sample 
of p, and inherits the affiliation that this resident held at time t — 1. (A continuous 
time variant, where opinions are imposed on a voter at a Poisson point process of 
times, may also be considered.) We propose the problem of considering the set of 
equilibrium measures of this process as an analogue of the family |A p : p G [0, 1]} 
and seeking a counterpart to Theorem 11.11 The two unanimous configurations are 
always equilibrium measures, and we anticipate that mixtures of these are the only 
such measures exactly when a > 1 (and the condition g.c.d.(/x) = 1 is satisfied). This 
is because the transmission histories of the affiliation held by two voters will almost 
surely coincide in the distant past precisely when a discrete time random walk with 
step distribution p almost surely reaches zero. The case a = 1 corresponds to the step 
distribution of the ^-displacement of a two-dimensional simple random walk between 
its successive visits to the x-axis; such a walk is recurrent, but only "marginally so", 
pointing to the value of a = 1 being critical for the problem. 

• Let d > 2. For any measure p whose support is contained in the integer lattice Z d , the 
random Z d -spanning graph structure may be defined. Consider a law p that has a 
regularly decaying heavy tail. For example, we might insist that p\B^A = n~ a L(\\n\\) , 
where L : (0, oo) — > (0, oo) is slowly varying. Here, B n = {x G 7L d : | \x\ \ < n} . If 
p is chosen to be "symmetric", in the sense that p{x} = p{y} whenever ||a;|| = \ \y\\, 
it is not hard to show that all the components of G M are finite, each containing a 
unique cycle. Choices of p supported in a half-plane {xi < 0} will give rise to infinite 
components, however. This raises the question of finding a phase transition in a for 
uniqueness of the infinite component for some family of measures p supported in the 
strict half-plane {xi < 0}. In fact, the discussion in the preceding problem already 
addresses this problem in a certain guise. To obtain the voter model problem, we take 
d = 2, write points in the plane in the form (£, x) , take p to be supported on the 
line {x = — l}, with p{— 1, •} G r a . Naturally, we might take d > 2. In this case, in 
seeking a result analogous to Theorem II. 1[ we would seek to show that, for regularly 
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varying laws fi whose decay is slow enough to ensure that the transition histories of 
distinct voters may be disjoint, the fluctuations in affiliation over large regions in the 
time-slice {t — constant} at equilibrium are given by a fractional Gaussian field. 

• Theorem [1J] states that fractional simple random walk and fractional Brownian motion 
may be coupled to be close in L°° on compact sets under rescaling of the discrete 
walk. One might seek to quantify this, investigating how quickly e may be taken 
to in the limit of high n in (11.41) . for some coupling C n . The analogue for simple 
random walk and its convergence to Brownian motion is the celebrated Komlos-Major- 
Tusnady theorem [16] , one case of which states that simple random walk may be 
coupled with asymptotic probability one to a Brownian motion with a uniform error 
in the first n steps of at most a large constant multiple of logn. Quantifying the rate 
of convergence could be useful if we would like to compare the stochastic difference 
equation driven by the fractional discrete process and its continuous analogue driven by 
fractional Brownian motion, the latter having been extensively studied. (See [H [8j [17] 
for treatments of the stochastic calculus of fractional Brownian motion.) 
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